EECS150

Section 5
Simplification and State Minimization

Fall 2001

Simplification

= Finding @ minimal sum of products or product of sums realization
= Exploit don't care information in the process
= Algebraic simplification
= Not an algorithmic/systematic procedure
= How do you know when the minimum realization has been
found?
= Computer-aided design tools
. ?recise solutions require very long computation times, especially
or
functions with many inputs (> 10)
= Heuristic methods employed — "educated guesses" to reduce
amount of computation and yield good if not best solutions
= Hand methods still relevant
= To understand automatic tools and their strengths and
weaknesses
= Ability to check results (on small examples)
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Boolean cubes

= Visual technique for indentifying when the
uniting theorem can be applied

= n input variables = n-dimensional "cube"

01 11
1-cube I:I

3-cube Y
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Mapping truth tables onto cubes

= Uniting theorem combines two "faces" of a
cube into a larger "face"

= Example:

E two faces of size O (nodes)
combine into a face of size 1(line)

01 11

BQEI

10

o \

ON-set = solid nodes
OFF-set = empty nodes

A varies within face, B does not
this face represents the literal B'

The Uniting Theorem

= Key tool to simplification: A (B' + B) = A
= Essence of simplification of two-level logic
= Find two element subsets of the ON-set where only one
variable changes its value — this single varying variable
can be eliminated and a single product term used to
represent both elements
F=A'B'+AB' = (A'+A)B' = B’

B has the same value in both on-set rows
- B remains

A has a different value in the two rows
- Ais eliminated
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Three variable example
= Binary full-adder carry-out logic
(A'+A)BCin
A B Ci Col
0 0 O 0 AB(Cin'+Cin)
0 0 1 0
01 0 0
01 1 1 5:
1 0 0 0 B
C 01
1 01 1
110 1 00094 T AB+B')Cin
1 1 1 1
the on-set is completely covered by
the combination (OR) of the subcubes
of lower dimensionality - note that "111"
is covered three times
Cout = BCin+AB+ACin
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Higher dimensional cubes

= Sub-cubes of higher dimension than 2

F(ABC)=3m(45,67)

on-set forms a square
i.e., a cube of dimension 2

011 111
110 b represents an expression in one variable
010 i.e., 3 dimensions - 2 dimensions
1| % .
B¢ 00 1 Alis 3sser'Ted (true) and unchanged
B and C vary

00092 ® 100

This subcu'b*e r‘e,o;‘\esenfs the
iteral
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Karnaugh maps (cont’d)

= Numbering scheme based on Gray—code
=« e.g., 00, 01, 11, 10
= Only a single bit changes in code for adjacent map cells

A
B0 01 11 10
o A
o 2 l6 |a
clt 0 |4 |12 |8
1 (3 |7 |5
1 5 139 |p
A 3 |7 15 i
c
o l2 |6 |a 2 |6 14 J10
c
1 (3 7 |5

13 = 1101= ABCD
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m-dimensional cubes

= In a 3-cube (three variables):
= 0-cube, i.e., a single node, yields a term in 3 literals

= 1-cube, i.e., a line of two nodes, yields a term in 2
literals

= 2-cube, i.e., a plane of four nodes, yields a term in 1
literal

= 3-cube, i.e., a cube of eight nodes, yields a constant
term "1"

= In general,

= m-subcube within an n-cube (m < n) yields a term with
n —m literals
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Adjacencies in Karnaugh maps

= Wrap from first to last column
= Wrap top row to bottom row

19}0»010 110| 100

\
C| oo1| o11] 111 101
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Karnaugh maps

= Flat map of Boolean cube
= Wrap—-around at edges
= Hard to draw and visualize for more than 4 dimensions
= Virtually impossible for more than 6 dimensions
= Alternative to truth-tables to help visualize adjacencies
= Guide to applying the uniting theorem

= On-set elements with only one variable changing value are
adjacent unlike the situation in a linear truth-table
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Karnaugh map examples

ol o /{\ o | AB+ACin+ BCin

o o [TIT[D

A
T T obtain the
f) °le @— complement

clojo (E of the function
acrvc 3l

by covering Os
with subcubes
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More Karnaugh map examples

Karnaugh maps: don't cares

ooﬁ
coou

G(ABC)= A

-

- F(ABC)=2m(045,7)= AC+BC

=
SiEls

>

F' simply replace 1's with O's and vice versa
F'(AB.C)=Zm(1,2,3,6)=BC+AC

A
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« f(A,B,C,D) = £m(1,3,5,7,9) + d(6,12,13)
« f=AD + BCD
« f=AD+CD

this node

advantageous

without don't cares
with don't cares

by using don't care as a "1"
S Rl / a 2-cube can be formed

rather than a 1-cube to cover

c don't cares can be treated as
1sor Os
depending on which is more

Karnaugh map: 4-variable example

= F(A,B,C,D) = 3m(0,2,3,5,6,7,8,10,11,14,15)

F=_
C +ABD +BD
A 111
L o o]l
) |
oft]olofy ——1¢ —1
(4

jonnD -
IR 0000% 8

find the smallest number of the largest possible
subcubes to cover the ON-set
(fewer terms with fewer inputs per term)
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Karnaugh maps: don't cares

= f(A,B,C,D) = Zm(1,3,5,7,9) + d(6,12,13)
= without don't cares
«f= ap+pcD

o
x
o

=

B
|

1

o
o

[¢]

x
o
o
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Example: two-bit comparator
e
?o(1 89
N1 A LT—* AB<CD 1101 0 0
Eq—>AB=CD 0110 1 o0
_ e
N2__ |5 6T—> AB>CD % ? % 8 8
T 0000 0 1T
010 0 1
\ 1 0|0 1 O
1 1)1 0 0
blockuﬁi;:gmm 1 OO 01 00 00 11
truth tabl % ? 8 ? %)
we'll need a 4-variable Karnaugh map
for each of the 3 output functions
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Example: two-bit comparator
A A A
oloflo|o (gJ{ojofo o[l'l]/'ﬂ
[ogolefs oooD OOIJD
DIRIK | ol o 0 olofolo
C C (4
IPINE ol ool o|o|M o
K-map for LT K-map for EQ K-map for GT
LT = A'B'D+ A'C+B'CD
EQ= A'B'C'D' + A'BC'D + ABCD + AB'CD' = (A xnor C) + (B xnor D)
6T = BC'D' + AC' + ABD'
LT and GT are similar (flip A/C and B/D)
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Example: two-bit comparator

Example: BCD increment by 1

two alternative
implementations of EQ
with and without XOR

i

XNOR is implemented with
at least 3 simple gates
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I8 T4 12 11|08 04 02 O1

0 0 0 O[O0 O O T

0 0 0o 1]0 0 1 O

0O 0 1 o]0 O 1 1

R R R I

11— ot 01 0 1]/0 1 I O
—w o2 S 11 1P 0 b0
T4—» —> 04 1 0 0 0|1 0 0 1
18 > 08 1 0 0 10 O O O
1 01 0|X X X X

1 0o 1 1|X X X X

1 1 0 0|X X X X

1 1 0 1 |X X X X

block diagram } % } ? § § § §

an
truth table

4-variable K-map for each of
the 4 output functions
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Example: 2x2-bit multiplier

Example: BCD increment by 1

A2 A1 B2B1|P8 P4 P2 P1
00000 O 0 O
010 0 0 O
1 0/0 0 O O
1110 0 0 O
AI;. > " 0O1]0 0 0 1
A2 P2 100 01 0
Bl —> —> P4 1110 0 1 1
82 > P8 01]0 0 1 0
1 0/0 1 0 O
1 1]0 1 1 0
I T 00 [0 0O U 0O
block diagram 0110 0 1 1
an 1 0/0 1t 1 0
truth table 1141 0 0 1
4-variable K-map
for each of the 4
output functions
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Example: 2x2-bit multiplier

A2 A2
ol ol o] o |KmapforP8 K-map for P41~ T T T o
P4 = A2B2B1"
S I I 1 cha2area N | 0 01 Ol
ofo 0 0 NoT-o [ 1
B2 @ P8 = A2A1B2B1 B m
olofofo o] oL
AT AT
A2 A2
ol ol o] o |K:map forP2 K-map forP1f o | 5[ o] o
P1 = AlB1
o) o E Bt 0 ﬁﬂ 0 g
olft]}o ollu | 1o
B2 1] bé P2 - A2'A1B2 s an
0 [ﬂ 1 )46 + A1B2B1" ojofo]|o
AT + A2B2'B1 AT

+ A2A1'B1
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I8 I8
IRBDE N OEE
o] 0 X| 0 11 o] bj 0 11
o|(1| x| x| os=ratemi.18IV ol x %
2 04:=TATI2' +I4T1' + T4 T2 T1 19
0 0 X X 0 1 X X
7 E 02:18 12 T1+I2 I1' r:;
g OL=It' I8
o] 0 X| 0 g g {1 1 X 1J
@j x|ofy, oo x]of,
0 0 X X . 0 0 X X
RN T
T 7
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Definition of terms
= Implicant

= Single element of ON-set or any group of these elements that can be
combined to form a subcube
= Prime implicant
= Implicant that can't be combined with another to form a larger
subcube
= Essential prime implicant
= Prime implicant is essential if it alone covers an element of ON-set
= Will participate in ALL possible covers of the ON-set
= Objective:
= Grow implicant into prime implicants (minimize literals per term)

= Cover the ON-set with as few prime implicants as possible
(minimize number of product terms)
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Examples to illustrate terms

A
Fﬁl ° B'D, B D, AB,B'CD
A'B'D, BC', AC, A'C'D, AB, B'C
W o, — AN
o 1[@ essential

0 ‘lzj minimum cover: AC + BC' + A'B'D

6 prime implicants:

|

o -aJ:]‘o

[ o

5 prime implicants: 0
BD, ABC', ACD, A'BC, A'C'D

essential 0

IR -
> [l]
-]

minimum cover: 4 essential implicants

EECS150 - Fall 2001

Two-level simplification algorithm

= Algorithm: minimum sum-of-products expression from a Karnaugh map

= Step 1: choose an element of the ON-set

= Step 2: find "maximal" groupings of 1s and Xs adjacent to that element
= consider top/bottom row, left/right column, and corner adjacencies

= this forms prime implicants (number of elements are power of 2)
= Repeat Steps 1 and 2 to find all prime implicants

= Step 3: revisit the 1s in the K-map

= if covered by single prime implicant, it is essential, and participates

in final cover

» 1s covered by essential prime implicant do not need to be revisited

= Step 4: if there remain 1s not covered by essential prime
implicants
» select the smallest number of prime implicants that cover
the remaining 1s

Finite State Machine Optimization

= State Minimization
= Fewer states require fewer state bits
= Fewer bits require fewer logic equations
= Encodings: State, Inputs, Outputs
= State encoding with fewer bits has fewer equations to implement
= However, each may be more complex
= State encoding with more bits (e.g., one-hot) has simpler equations
= Complexity directly related to complexity of state diagram
= Input/output encoding may or may not be under designer control
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Algorithmic Approach

= Goal —identify and combine states that have equivalent behavior
= Equivalent States:
= Same output
= For all input combinations, states transition to same or
equivalent states
= Algorithm Sketch
= 1. Place all states in one set
= 2. Initially partition set based on output behavior
= 3. Successively partition resulting subsets based on next state
transitions
= 4. Repeat (3) until no further partitioning is required
= states left in the same set are equivalent
= Polynomial time procedure
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State Minimization Example
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A A A
x| 1]o]1 1 x| 1)
1)1 off 1] 1] 0 ﬁ
ot b > >
o x| x|o ol x|| x|o 0 u
Cc c C T
o|1]of1 of1)of1 ol 1][of1
2 primes around A'BC'D’ 2 primes around ABC'D
A A
X 'TT 0 ‘ 1 x|(1] o] 1 x|[1)] o] 1
N of 1| 1]1 of tfft 1
0 F 0, b | 1] 5
o |l x|| x)| o of x|[ x| o of x| x|o
Cc T C c
ol 1][of1 oftflof1 of 1] of1
3 primes around AB'C'D' 2 essential primes minimum cover (3 primes)
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= Sequence Detector for 010 or 110

Input Next State Output
Sequence Present State | X=0 X=1 X=0 X=1
S0 S1 S2 0 0
S1 S3 S4 0 0
S2 S5 S6 0 0
S3 S0 S0 0 0
S0 S0 1 0
S5 S0 S0 0 0
S6 S0 S0 1 0
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Method of Successive Partitions

Input Next State Output
Sequence Present State | X=0 X=1 X=0 X=1
Reset S0 S1 S2 0 0

0 S1 S3 S4 0 0

1 S2 S5 S6 0 0
00 S3 S0 S0 0 0

01 sS4 S0 S0 1 0

10 S5 S0 S0 0 0

11 S6 S0 S0 1 0

(50515283 545556) S1 is equivalent to S2

(S0S152S3S5) (S4S6) S3 is equivalent to S5

(S0S3S5) (S1S2) (S456) S4 is equivalent to S6

(S0) (S3S5) (S1S2) (S4S6)
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Minimized FSM

Implication Chart Method
= Cross out incompatible states based on outputs

= Then cross out more cells if indexed chart entries are already
crossed out

st present | next state | output
—state 00 01 10 11
S0' S0 S1 S2 S3' 1
s S1 S0' S3' S1 S3' 0
S2 S1 S3' S2 SO 1
= S3' S1 S0' SO0 S3' 0
05
s3 g
X minimized state table
5 T (S0==54) ($3==55)
54 |S1-51
52-52
TIN5
S5 2430
S0 St S2 S3

54
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Minimized FSM

= State minimized sequence detector for 010
or 110

Input Next State Output
Sequence Present State| X=0 X=1 X=0 X=1
Reset so s1' st o )
0+1 s1' s3' s4' o o
X0 s3' S0 S0 [} o
X1 s4' S0 S0 1 o
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Incompletely Specified FSMs

Equivalence of states is transitive when machine is fully specified
But its not transitive when don't cares are present
e.g., state output
S -0 S1 is compatible with both SO and S2
S1 1- but SO and S2 are incompatible
S2 -1

No polynomial time algorithm exists for determining best grouping of
states into equivalent sets that will yield the smallest number of final
states
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More Complex State Minimization

= Multiple input example

inputs here
present | next state output
state 00 01 10 11
SO S0 ST 5253 T
S1 S0 S3 S1 S4 0
S2 S1 S3 S2 sS4 1
S3 S1 S0 S4 S5 0
sS4 S0 St S2 S5 1
S5 S1 sS4 SO S5 0

symbolic state
transition table
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